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DERIVATIONS OF QUANDLES
NEHA NANDA, MAHENDER SINGH, AND MANPREET SINGH
Abstract. The aim of this paper is to propose a theory of derivations for quandles. Given a
quandle A admitting an action by a quandle Q, derivations from Q to A are introduced as twisted
analogues of quandle homomorphisms. It is shown that for each quandle Q there exists a unique
Q-quandle AQ (the derived quandle of Q) such that derivations from Q to any Q-quandle A are in
bijective correspondence with Q-quandle homomorphisms from AQ to A. Further, it is proved that
the set of all derivations to an abelian Q-quandle A has the structure of an abelian quandle, and
inherits many other properties from A. In the end, the ideas are extended to the setting of virtual
quandles.
1. Introduction
A quandle is an algebraic system with a binary operation that satisfies certain axioms encoding
the three Reidemeister moves of planar diagrams of links in the 3-space. Although special types
of quandles had already appeared in the literature in different guises, the subject captured real
attention after fundamental works of Joyce [11] and Matveev [16]. They showed that link quandles
of non-split links are complete invariants up to orientation of the ambient space. This result has
led to exploration and development of various aspects of the theory of quandles. The reader is
encouraged to refer to [3, 12, 17] for more on the historical development of the subject.
The isomorphism problem for quandles is as hard as the classification problem for links. Thus, it
is natural to develop newer invariants of quandles themselves. This makes study of algebraic aspects
of quandles, which are not necessarily knot quandles, important. For example, a (co)homology
theory for quandles and racks has been developed in [4], which has led to stronger invariants of links.
In fact, a recent work [20] shows that quandle cohomology is a Quillen cohomology which is the
cohomology group of a functor from the category of models to that of complexes. Automorphisms
of quandles, which reveal a lot about their internal structures have been investigated in much detail
in a series of papers [1, 2, 7, 8].
The aim of this paper is to propose a general theory of derivations for quandles. At this point,
our motivation is purely algebraic and inspired by [6], but the ideas might have applications to knot
theory. The key point is the notion of action of a quandle on another quandle by automorphisms.
The quandle action is then used to define derivations of quandles, which can be seen as twisted
analogues of quandle homomorphisms, where the twisting is by quandle actions. For each quandle
homomorphism we construct a universal quandle called the derived quandle. This derived quandle
is then used to show finiteness of the set of derivations from a finitely generated quandle Q to a
finite quandle admitting a Q-action.
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The paper is organized as follows. Section 2 collects some basic definitions from the theory of
quandles. In Section 3, using the notion of quandle actions, we introduce derivations of quandles
(Definition 3.1). We define the derived quandle of a quandle homomorphism (Definition 3.2) and
prove its existence and uniqueness (Theorem 3.3). The universal property of the derived quandle
is then used to prove that the total number of derivations from a finitely generated quandle Q to a
finite Q-quandle is always finite (Corollary 3.7). In Section 4, we explore properties of derivations,
and prove that the set of all derivations to an abelian quandle is an abelian quandle (Theorem 4.1),
which is a generalisation of [5, Theorem 4.1]. We also establish a general isomorphism theorem for
the abelian quandle of derivations (Theorem 4.6). The paper conclude with Section 5, where the
ideas are extended to the setting of virtual quandles (Theorem 5.5).
2. Preliminaries
A quandle is a non-empty set Q with a binary operation (q1, q2) 7→ q1 ∗q2 satisfying the following
axioms:
(Q1) q ∗ q = q for all q ∈ Q;
(Q2) For any q1, q2 ∈ Q there exists a unique q ∈ Q such that q2 = q ∗ q1;
(Q3) (q1 ∗ q2) ∗ q3 = (q1 ∗ q3) ∗ (q2 ∗ q3) for all q1, q2, q3 ∈ Q.
Besides knot quandles associated to knots, many interesting examples of quandles come from
groups. For example, if G is a group, then the set G equipped with the binary operation
a ∗ b = bab−1
gives a quandle structure on G, called the conjugation quandle, and denoted by Conj(G).
A map f : Q → Q′ is quandle homomorphism if f(q1 ∗ q2) = f(q1) ∗ f(q2) for all q1, q2 ∈ Q.
Since G 7→ Conj(G) is a functor from the category of groups to the category of quandles, any group
homomorphism f : G → H induces a quandle homomorphism f : Conj(G) → Conj(H). Notice
that, the quandle axioms are equivalent to saying that for each q ∈ Q, the map Sq : Q→ Q given
by
Sq(p) = p ∗ q
is an automorphism of the quandle Q fixing q. Such an automorphism is called an inner automor-
phism of Q.
For a given quandle Q, the group As(Q) generated by the set {eq | q ∈ Q} modulo the relations
eq1∗q2 = eq2eq1e
−1
q2
is called the associated group of the quandle Q. Note that there is a natural quandle homomorphism
e : Q→ Conj(As(Q))
sending q to eq. Moreover, associated group As(Q) satisfies the property that given any quandle
homomorphism ϕ : Q→ Conj(G), whereG is any group, there exists a unique group homomorphism
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ϕ¯ : As(Q)→ G such that the following diagram commutes
(2.0.1)
Conj(As(Q))
Q
Conj(G).
ϕ¯
e
ϕ
We shall write ϕ¯ as ϕ for convenience.
3. Derived Quandles
Let Q and A be two quandles. We say that A is a Q-quandle if there is an action of the associated
group As(Q) on A by quandle automorphisms. Equivalently, by the universal property of associated
groups, A is a Q-quandle if there is a quandle homomorphism
ϕ : Q→ Conj(Aut(A)).
A subquandleB of A is called a Q-subquandle if it is invariant under the action of As(Q). A quandle
homomorphism f : A1 → A2, where A1 and A2 are two Q-quandles, is called a Q-homomorphism
if
f(g · a) = g · f(a)
for all a ∈ A1 and g ∈ As(Q). The set of all such maps is denoted by HomQ(A1, A2).
Since Q 7→ As(Q) is a functor from the category of quandles to the category of groups, a quandle
homomorphism φ : Q→ Q′ induces a group homomorphism φ : As(Q)→ As(Q′) given by
φ(eq) = eφ(q).
It is clear that every Q′-quandle X is also a Q-quandle via φ. Some examples of quandle actions
are:
• There is a natural action of As(Q) on Q by inner automorphisms. More precisely, the map
ϕ : As(Q)→ Aut(Q) given by eq 7→ Sq is a group homomorphism.
• If X is any set, then any map ϕ : As(Q) → ΣX , where ΣX is the symmetric group on the
set X, defined by eq 7→ α for a fixed α ∈ ΣX , is a group homomorphism.
According to [18, Definition 2.2], an action of a topological quandle Q on a topological space X
is a continuous map Q×X → X given by
(q, x) 7→ q · x,
and satisfying
(3.0.1) (q1 ∗ q2) · (q2 · x) = q2 · (q1 · x).
It is easy to see that our definition of quandle action satisfies (3.0.1). However, the converse is not
true. Let Q be any quandle and X = {1, 2, 3} with quandle matrix

1 3 1
2 2 2
3 1 3

 .
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Let σ = (1, 2, 3) be a permutation of X. Notice that σ is not a quandle homomorphism of X. The
map Q ×X → X given by (q, x) 7→ σ(x) for x ∈ X, q ∈ Q clearly satisfies (3.0.1). But, for each
q ∈ Q, the induced map X → X given by x 7→ σ(x), is not a quandle homomorphism.
Definition 3.1. Let A be a Q′-quandle and φ : Q → Q′ a quandle homomorphism. A map
∂ : Q→ A is called a derivation if
∂(q1 ∗ q2) = ∂(q1) ∗
(
φ(eq1) · ∂(q2)
)
for all q1, q2 ∈ Q.
Following are some examples of derivations:
• If the action of Q′ on A is trivial, then every quandle homomorphism from Q to A is a
derivation.
• If A is a trivial quandle, then for any action of Q′ on A, every quandle homomorphism is a
derivation.
• Let Tx ∈ Aut(A) be such that it fix the point x ∈ A. Consider the action Q→ Conj
(
Aut(A)
)
given by q 7→ Tx for all q ∈ Q. Then the constant map Q → A given as q 7→ x, q ∈ Q, is
clearly a derivation.
Definition 3.2. A derived quandle of a quandle homomorphism φ : Q → Q′ is defined as a Q′-
quandle Aφ together with a derivation ∂ : Q→ Aφ such that for any Q
′-quandle A and a derivation
∂′ : Q→ A, there exists a unique Q′-homomorphism λ : Aφ → A such that λ ◦ ∂ = ∂
′, that is, the
following diagram commutes
(3.0.2)
Q Aφ
A.
∂
∂′
λ
For our convenience, we denote the derived quandle of the quandle homomorphism φ by (Aφ, ∂),
a model for which we now construct explicitly.
Theorem 3.3. The derived quandle of a quandle homomorphism exists and is unique.
Proof. Take X = As(Q′)×Q as a set and define Aφ to be the quandle with presentation
〈X | R 〉,
where R is the set of following relations
(g, q1 ∗ q2) = (g, q1) ∗
(
gφ(eq1), q2
)
,
for all q1, q2 ∈ Q and g ∈ As(Q
′). We note that Aφ is a Q
′-quandle since there is a natural action
of As(Q′) on Aφ which is defined on generators as
g′ · (g, q) = (g′g, q),
where (g, q) ∈ X and g′ ∈ As(Q′). We next define the map ∂ : Q→ Aφ by
∂(q) = (1, q).
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For q1, q2 ∈ Q, we have
∂(q1 ∗ q2) = (1, q1 ∗ q2)
= (1, q1) ∗ (φ(eq1), q2)
= (1, q1) ∗
(
φ(eq1) · (1, q2)
)
= ∂(q1) ∗
(
φ(eq1) · ∂(q2)
)
,
and hence ∂ is a derivation.
Let us now consider any Q′-quandle A and a derivation ∂′ : Q→ A. We define a map λ : Aφ → A
on generators by setting
λ
(
(g, q)
)
= g · ∂′(q).
The map λ is well-defined since
λ
(
(g, q1 ∗ q2)
)
= g · ∂′(q1 ∗ q2)
= g ·
(
∂′(q1) ∗
(
φ(eq1) · ∂
′(q2)
))
= g · ∂′(q1) ∗
(
(gφ(eq1)) · ∂
′(q2)
)
= λ
(
(g, q1)
)
∗ λ
((
gφ(eq1)
)
, q2
)
.
By definition, it follows that λ is a Q′-homomorphism such that λ ◦ ∂ = ∂′.
The map λ is unique. For, if there exists another Q′-homomorphism λ′ : Aφ → A such that
λ′ ◦ ∂ = ∂′, then we have
λ′
(
∂(q)
)
= ∂′(q)
for all q ∈ Q. That is,
λ′
(
(1, q)
)
= ∂′(q).
Since λ′ is Q′-homomorphism, we have
λ′
(
(g, q)
)
= g · λ′
(
(1, q)
)
= g · ∂′(q)
= λ
(
(g, q)
)
.
Thus, the derived quandle (Aφ, ∂) of the quandle homomorphism φ : Q→ Q
′ always exists, and is
clearly unique upto isomorphism. 
If Q = Q′ and φ = id, we denote Aφ by AQ.
Definition 3.4. Let A be a Q-quandle and S ⊂ A. We say that A is Q-generated by S if A is
generated by the set {g · s | g ∈ As(Q), s ∈ S} as a quandle. If such a finite set exists, then we say
that A is a finitely generated Q-quandle.
For example, let Q be a quandle viewed as a Q-quandle under the natural action of Inn(Q). If S
is a set of representatives of orbits under this action, then Q is Q-generated by the set S. Further,
if Q has finitely many orbits, then it is a finitely generated Q-quandle.
Theorem 3.5. Let φ : Q → Q′ be a quandle homomorphism. If Q is generated by S, then Aφ is
Q′-generated by ∂(S).
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Proof. Let A be a Q′-subquandle of Aφ generated by the set ∂(S). Since S generates the quandle
Q and A is invariant under the action of As(Q′), it follows that ∂(q) ∈ A for all q ∈ Q. Therefore,
we can define a map ∂′ : Q→ A by
∂′(q) = ∂(q),
for all q ∈ Q, which is a derivation. By the universal property of derived quandles, there exists
unique Q′-homomorphism λ : Aφ → A such that λ ◦ ∂ = ∂
′. If ι : A→ Aφ is the natural inclusion,
then we have the following diagram
Aφ
Q A
Aφ.
λ
∂
∂
∂′
ι
Thus, for every q ∈ Q, have ι ◦ λ ◦ ∂(q) = ∂(q). By uniqueness, ι ◦ λ = id, which implies that ι is
surjective, and hence A = Aφ. 
As a consequence, we have the following result.
Corollary 3.6. Let φ : Q→ Q′ be a quandle homomorphism. If Q is a finitely generated quandle,
then Aφ is a finitely generated Q
′-quandle.
Using the preceding corollary and the universal property of derived quandles, we obtain the
following result.
Corollary 3.7. Let Q be a finitely generated quandle, φ : Q → Q′ a quandle homomorphism and
A a Q′-quandle which is finite. Then the number of derivations from Q to A is finite.
4. Properties of derivations
Let A be a Q′-quandle and φ : Q → Q′ a quandle homomorphism. We denote the set of all
derivations from Q to A by Derφ(Q,A). In this section, we investigate properties of Derφ(Q,A)
that it inherits from given quandles, particularly A.
Recall that a quandle A is said to be abelian if
(x ∗ y) ∗ (z ∗ w) = (x ∗ z) ∗ (y ∗ w)
for all x, y, z, w ∈ A. Abelian quandles are also called medial quandles in the literature. See [10]
for a recent study of these quandles.
Theorem 4.1. Let φ : Q→ Q′ be a quandle homomorphism and A an abelian Q′-quandle. If the
set Derφ(Q,A) is non-empty, then it has the structure of an abelian quandle with respect to the
binary operation given by
(4.0.1) (f ∗ g)(q) = f(q) ∗ g(q),
where f, g ∈ Derφ(Q,A) and q ∈ Q.
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Proof. We note that the set of all maps from Q to A forms an abelian quandle under the operation
defined in (4.0.1). It now suffices to show that Derφ(Q,A) is closed under ∗ and ∗
−1. Let f, g ∈
Derφ(Q,A) and q1, q2 ∈ Q. Then we have
(f ∗ g)(q1 ∗ q2) = f(q1 ∗ q2) ∗ g(q1 ∗ q2)
=
(
f(q1) ∗
(
φ(eq1) · f(q2)
))
∗
(
g(q1) ∗
(
φ(eq1) · g(q2)
))
=
(
f(q1) ∗ g(q1)
)
∗
(
φ(eq1) · f(q2) ∗ φ(eq1) · g(q2)
)
, since A is abelian
= (f ∗ g)(q1) ∗
(
φ(eq1) · (f ∗ g)(q2)
)
.
Similarly, we can show that
(f ∗−1 g)(q1 ∗ q2) = (f ∗
−1 g)(q1) ∗
(
φ(eq1) · (f ∗
−1 g)(q2)
)
,
which is desired. 
If the action of Q on A (via φ) is trivial, then Derφ(Q,A) = Hom(Q,A) and we recover the
following result of [5, Theorem 4.1].
Theorem 4.2. Let Q be a quandle and A an abelian quandle. Then the set Hom(Q,A) has the
structure of an abelian quandle with respect to the binary operation as given in (4.0.1).
Proposition 4.3. Let φ : Q → Q′ be a quandle homomorphism and A an abelian Q′-quandle.
Then the set HomQ′(Aφ, A) forms an abelian quandle under the binary operation defined by
(λ1 ∗ λ2)
(
(g, q)
)
= λ1
(
(g, q)
)
∗ λ2
(
(g, q)
)
,
where (g, q) ∈ Aφ and λ1, λ2 ∈ HomQ′(Aφ, A).
Proof. It suffices to prove that the set HomQ′(Aφ, A) is closed under ∗ and ∗
−1. For λ1, λ2 ∈
HomQ′(Aφ, A), q1, q2 ∈ Q and g ∈ As(Q
′), we have
(
λ1 ∗ λ2
)(
(g, q1 ∗ q2)
)
= λ1
(
(g, q1 ∗ q2)
)
∗ λ2
(
(g, q1 ∗ q2)
)
= λ1
(
(g, q1) ∗ (gφ(eq1), q2)
)
∗ λ2
(
(g, q1) ∗ (gφ(eq1), q2)
)
=
(
λ1
(
(g, q1)
)
∗ λ1
(
(gφ(eq1), q2)
))
∗
(
λ2
(
(g, q1)
)
∗ λ2
(
(gφ(eq1), q2)
))
=
(
λ1
(
(g, q1)
)
∗ λ2
(
(g, q1)
))
∗
(
λ1
(
(gφ(eq1), q2)
)
∗ λ2
(
(gφ(eq1), q2)
))
, A is abelian
= (λ1 ∗ λ2)
(
(g, q1)
)
∗ (λ1 ∗ λ2)
(
(gφ(eq1), q2)
)
.
Similarly, we can show that
(
λ1 ∗
−1 λ2
)(
(g, q1 ∗ q2)
)
= (λ1 ∗
−1 λ2)
(
(g, q1)
)
∗ (λ1 ∗
−1 λ2)
(
(gφ(eq1), q2)
)
.

By the universal property of derived quandles, there is a bijection between the sets Derφ(Q,A)
and HomQ′(Aφ, A). Below we show that this bijection is, in fact, an isomorphism of quandles
provided A is abelian.
Proposition 4.4. Let φ : Q → Q′ be a quandle homomorphism and A an abelian Q′-quandle.
Then
HomQ′(Aφ, A) ∼= Derφ(Q,A).
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Proof. Let (Aφ, ∂) be the derived quandle of the quandle homomorphism φ and
∂˜ : HomQ′(Aφ, A) → Derφ(Q,A)
be defined as
∂˜(λ) = λ ◦ ∂,
where λ ∈ Q. By existence and uniqueness of (Aφ, ∂), it follows that ∂˜ is a bijection. Further, for
λ1, λ2 ∈ HomQ′(Aφ, A) and q ∈ Q, we have
(
∂˜(λ1 ∗ λ2)
)
(q) = (λ1 ∗ λ2)
(
(1, q)
)
= λ1
(
(1, q)
)
∗ λ2
(
(1, q)
)
= ∂˜(λ1) ∗ ∂˜(λ2)(q),
which is desired. 
Recall that a quandle Q is said to be commutative if p ∗ q = q ∗ p for all p, q ∈ Q. A quandle
is called involutary if S2q = idQ for all q ∈ Q. For example, all Takasaki quandles are involutary.
Motivated by the work of Loos [13, 14] on Riemannian symmetric spaces, Ishihara and Tamaru [9]
defined a quandle X to be flat if the group
〈
Sp ◦ Sq | p, q ∈ Q
〉
is abelian. It was shown in [19] that Takasaki quandles of 2-divisible groups are flat. If A is an
abelian quandle, then we have the following result whose proof is immediate.
Proposition 4.5. The following statements hold for quandles Derφ(Q,A) and HomQ′(Aφ, A):
(1) If A is commutative, then Derφ(Q,A) and HomQ′(Aφ, A) are commutative.
(2) If A is involutary, then Derφ(Q,A) and HomQ′(Aφ, A) are involutary.
(3) If A is flat, then Derφ(Q,A) and HomQ′(Aφ, A) are flat.
Theorem 4.6. Let φ1 : Q1 → X1, φ2 : Q2 → X2, σ : Q2 → Q1 and ψ : X1 → X2 be quandle
homomorphisms such that ψ ◦ φ1 ◦ σ = φ2. Let Ai be an abelian Xi-quandle for i = 1, 2. If
τ : A1 → A2 is a X1-homomorphism, then there exist quandle homomorphisms
Φ : Derφ1(Q1, A1)→ Derφ2(Q2, A2),
Φ˜ : HomX1(Aφ1 , A1)→ HomX2(Aφ2 , A2).
Further, if ψ, σ and τ are isomorphisms, then so are Φ and Φ˜.
Proof. For each f ∈ Derφ1(Q1, A1), define
Φ : Derφ1(Q1, A1)→ Derφ2(Q2, A2),
by setting
Φ(f) = τ ◦ f ◦ σ.
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We first check that the map Φ is well-defined. For any q1, q2 ∈ Q2, we have
Φ(f)(q1 ∗ q2) = τ ◦ f ◦ σ(q1 ∗ q2)
= τ ◦ f
(
σ(q1) ∗ σ(q2)
)
= τ
(
f
(
σ(q1)
)
∗ φ1(eσ(q1)) · f
(
σ(q2)
))
= τfσ(q1) ∗
(
ψ
(
φ1(eσ(q1))
)
· τfσ(q2)
)
= Φ(f)(q1) ∗
(
φ2(eq1) · Φ(f)(q2)
)
, since ψ ◦ φ1 ◦ σ = φ2.
It follows easily that Φ is a quandle homomorphism. Further, if σ, ψ and τ are isomorphisms, then
we can define
Ψ : Derφ2(Q2, A2)→ Derφ1(Q1, A1)
by setting
Ψ(f) = τ−1 ◦ f ◦ σ−1
for f ∈ Derφ2(Q2, A2). An easy check shows that Φ and Ψ are inverses of each other.
Now we define
Φ˜ : HomX1(Aφ1 , A1)→ HomX2(Aφ2 , A2)
by setting
Φ˜ = ∂˜−12 ◦ Φ ◦ ∂˜1,
where ∂˜1 : HomX1(Aφ1 , A1) → Derφ1(Q1, A1) and ∂˜2 : HomX2(Aφ2 , A2) → Derφ2(Q2, A2) are
quandle isomorphisms as defined in Proposition 4.4. It is immediate that Φ˜ is also a quandle
homomorphism, and if σ, ψ and τ are isomorphisms, then so is Φ˜. 
Corollary 4.7. Let Q be a quandle, A1, A2 two abelian Q-quandles and τ : A1 → A2 a Q-
homomorphism. Then there exist quandle homomorphisms
Φ : Derid(Q,A1)→ Derid(Q,A2),
Φ˜ : HomQ(AQ, A1)→ HomQ(AQ, A2).
Further, if τ is an isomorphism, then so are Φ and Φ˜.
The proof of the following result follows along similar lines as that of Theorem 4.6.
Proposition 4.8. Let σ : Q2 → Q1 be a quandle homomorphism and A an abelian Q1-quandle. If
A is viewed as a Q2-quandle via σ, then there exist quandle homomorphisms
Φ : Derid(Q1, A)→ Derσ(Q2, A),
Φ˜ : HomQ1(AQ1 , A)→ HomQ2(AQ2 , A).
Moreover, if σ is an isomorphism, then so are Φ and Φ˜.
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5. Virtual derived quandles
Recall from [15] that a virtual quandle, denoted (Q,α), is a quandle Q together with an auto-
morphism α ∈ Aut(Q). If α = idQ, then we obtain the usual quandle. A map f : (Q,α) → (Q
′, α′)
is called a virtual quandle homomorphism if f(q1 ∗ q2) = f(q1) ∗ f(q2), for all q1, q2 ∈ Q, and
α′ ◦ f = f ◦ α.
We denote the set of automorphisms of the virtual quandle (Q,α) by Aut(Q,α). Henceforth, for
convenience, we shall drop the word virtual.
Definition 5.1. The associated group of a quandle (Q,α) is defined as the pair (As(Q), α), where
α is the induced automorphism of As(Q) given by α(eq) 7→ eα(q).
Proposition 5.2. Let (Q,α) be a quandle, G a group and β ∈ Aut(G). If ϕ : (Q,α) →(
Conj(G), β
)
is a quandle homomorphism, then there exists a unique group homomorphism λ :
As(Q)→ G such that the following diagrams commute
(
Conj(As(Q)), α
)
As(Q) G
(Q,α)
(
Conj(G), β
)
, As(Q) G.
λ α
λ
β
e
ϕ
λ
Proof. Define λ : As(Q) → G on generators of As(Q) by λ(eq) = ϕ(q) for all q ∈ Q. It is easy to
check that λ is a group homomorphism and λ ◦ e = ϕ. Further, for any eq ∈ As(Q), we have
β ◦ λ(eq) = β(ϕ(q))
= ϕ ◦ α(q)
= λ(eα(q))
= λ ◦ α(eq).
Uniqueness of the map λ is clear. 
We say that a quandle (Q,α) acts on a quandle (A, γ) if there exists a group homomorphism
ϕ : As(Q)→ Aut(A, γ) such that the following diagram commutes
As(Q) Aut(A, γ)
As(Q) Aut(A, γ).
α
ϕ
Sγ
ϕ
Equivalently, by Proposition 5.2, (Q,α) acts on (A, γ) if there is a quandle homomorphism
ϕ : (Q,α) →
(
Conj(Aut(A, γ)), Sγ
)
,
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where Sγ is the inner automorphism of the quandle Conj(Aut(A, γ)). A quandle (A, γ) is said to
be a (Q,α)-quandle if there is an action of the quandle (Q,α) on (A, γ). We note that a quandle
homomorphism φ : (Q,α) → (Q′, α′) induces a group homomorphism φ : As(Q) → As(Q′) such
that
(5.0.1) α′ ◦ φ = φ ◦ α.
It is easy to check that every (Q′, α′)-quandle is also a (Q,α)-quandle by commutativity of the
following diagram
As(Q) As(Q′) Aut(A, γ)
As(Q) As(Q′) Aut(A, γ).
φ
α
ϕ
α′ Sγ
φ ϕ
A quandle homomorphism φ : (Q1, α1)→ (Q2, α2), where (Q1, α1) and (Q2, α2) are (Q,α)-quandles,
is said to be (Q,α)-homomorphism if
φ(g · q) = g · φ(q),
for all q ∈ Q1 and g ∈ As(Q).
Definition 5.3. Let (A, γ) be a (Q′, α′)-quandle and φ : (Q,α) → (Q′, α′) be a quandle homomor-
phism. A map ∂ : (Q,α) → (A, γ) is called a (virtual) derivation if for all q1, q2 in Q,
(5.0.2) ∂(q1 ∗ q2) = ∂(q1) ∗
(
φ(eq1) · ∂(q2)
)
and
γ ◦ ∂ = ∂ ◦ α.
Definition 5.4. A (virtual) derived quandle of the quandle homomorphism φ : (Q,α) → (Q′, α′)
consists of a (Q′, α′)-quandle (Aφ,Γ) and a derivation ∂ : (Q,α) → (Aφ,Γ) such that for any
(Q′, α′)-quandle (A, γ) and a derivation ∂′ : (Q,α) → (A, γ), there exists a unique (Q′, α′)-
homomorphism λ : (Aφ,Γ)→ (A, γ) making the following diagram commute
(5.0.3)
(Q,α) (Aφ,Γ)
(A, γ).
∂
∂′
λ
For our convenience, we denote the derived quandle of the quandle homomorphism φ by (Aφ,Γ, ∂).
Theorem 5.5. The virtual derived quandle of a virtual quandle homomorphism exists and is
unique.
Proof. Let Aφ be as defined in Section 3. Define a map Γ : Aφ → Aφ on generators by
Γ
(
(g, q)
)
=
(
α′(g), α(q)
)
,
where q ∈ Q and g ∈ As(Q′). We first check that Γ is indeed an automorphism of Aφ for which it
suffices to show that
Γ
(
(g, q ∗ q′)
)
= Γ
(
(g, q)
)
∗ Γ
(
(gφ(eq), q
′)
)
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for any q ∈ Q, q′ ∈ Q′ and g ∈ As(Q′). Considering the left hand side, we get
Γ
(
(g, q ∗ q′)
)
=
(
α′(g), α(q ∗ q′)
)
=
(
α′(g), α(q) ∗ α(q′)
)
=
(
α′(g), α(q)
)
∗
(
α′(g)φ(eα(q)), α(q
′)
)
= Γ
(
(g, q)
)
∗
(
α′(g)φ(α(eq)), α(q
′)
)
= Γ
(
(g, q)
)
∗
(
α′(g)α′(φ(eq)), α(q
′)
)
, since φ is a quandle homomorphism
= Γ
(
(g, q)
)
∗ Γ
(
(gφ(eq), q
′)
)
.
Next, we define a group homomorphism ϕ : As(Q′)→ Aut(Aφ,Γ) by setting
ϕ(g′)
(
(g, q)
)
= (g′g, q),
for (g, q) ∈ As(Q′)×Q and g′ ∈ As(Q′), for which
(Γ ◦ ϕ(g′))
(
(g, q)
)
= Γ
(
(g′g, q)
)
=
(
α′(g′g), α(q)
)
=
(
α′(g′)α′(g), α(q)
)
= ϕ
(
α′(g′)
)(
(α′(g), α(q))
)
= (ϕ
(
α′(g′)
)
◦ Γ)
(
(g, q)
)
.
Therefore, (Aφ,Γ) is a (Q
′, α′)-quandle. It is easy to check that the map ∂ : (Q,α) → (Aφ,Γ)
defined by
∂(q) = (1, q)
satisfies (5.0.2) and Γ ◦ ∂ = ∂ ◦ α, and hence is a derivation.
Let us now consider any (Q′, α′)-quandle (A, γ) and a derivation ∂′ : (Q,α)→ (A, γ). We recall
the map λ : Aφ → A (from Section 3) given by
λ
(
(g, q)
)
= g · ∂′(q).
Then, for any (g, q) ∈ Aφ, we have
(γ ◦ λ)
(
(g, q)
)
= γ
(
g · ∂′(q)
)
= α′(g) · γ
(
∂′(q)
)
, since A is a (Q′, α′)-quandle
= α′(g) · ∂′
(
α(q)
)
, since ∂′ is a derivation
= λ
(
(α′(g), α(q))
)
= λ ◦ Γ
(
(g, q)
)
,
which shows that λ : (Aφ,Γ)→ (A, γ) is a (Q
′, α′)-homomorphism. It follows that λ is the unique
(Q′, α′)-homomorphism for which the diagram (5.0.3) commutes. Hence, (Aφ,Γ, ∂) always exists,
and is unique upto isomorphism. 
Theorem 5.6. Let (Q,α) be a finitely generated quandle and φ : (Q,α) → (Q′, α′) a quandle
homomorphism. Then (Aφ,Γ) is a finitely generated (Q
′, α′)-quandle.
Proof. The proof follows along similar lines as that of Theorem 3.5 and Corollary 3.6. 
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Corollary 5.7. Let (Q,α) be a finitely generated quandle, φ : (Q,α) → (Q′, α′) a quandle ho-
momorphism and (A, γ) a finite quandle which is also a (Q′, α′)-quandle. Then there exists only
finitely many (Q′, α′)-homomorphisms from (Aφ,Γ) to (A, γ). Further, the number of derivations
from (Q,α) to (A, γ) is finite.
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